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UNITARY SUBGROUPS OF COMMUTATIVE GROUP
ALGEBRAS OF CHARACTERISTIC TWO
ZSOLT BALOGH, VASYL LAVER
Abstract. Let FG be the group algebra of a finite 2-group G
over a finite field F of characteristic two and ⊛ an involution
which arises from G. The ⊛-unitary subgroup of FG, denoted
by V⊛(FG), is defined to be the set of all normalized units u satis-
fying the property u⊛ = u−1. In this paper we establish the order
of V⊛(FG) for all involutions ⊛ which arise from G, where G is a
finite cyclic 2-group and show that all ⊛-unitary subgroups of FG
are not isomorphic.
1. Introduction
Let FG be the group algebra of a 2-group G over a finite field F of
characteristic 2. The set of all units in FG with augmentation 1 forms
a group. This group, denoted by V (FG), is called group of normalized
units. The description of the structure of V (FG) is a central problem
in the theory of group algebras and it has been investigated by several
authors. For an excellent survey on the group of units of the modular
group algebras we refer the reader to [3].
Let ⊛ be an involution of FG. An element u ∈ V (FG) is called
⊛-unitary if u⊛ = u−1. The set of all ⊛-unitary elements of V (FG)
forms a subgroup of V (FG) which is denoted by V⊛(FG). The unitary
subgroup related to the canonical involution (the F -linear extension of
the involution on G which sends each element of G to its inverse) plays
an important role of studying the structure of the group of units of
group algebras [7, 9, 10, 19, 20, 22].
To establish the order of V∗(FG) is a particularly challenging prob-
lem if the characteristic of F is two. This subject has been investigated
in several papers. A. Bovdi and Szaka´cs determined the structure of
∗-unitary subgroups for all abelian p-groups and finite fields of char-
acteristic p in [8] and [9]. In [13] V. Bovdi and Grichkov determined
the invariants of the η-unitary and symmetric normalized units of FG,
where F is a field of two elements, G is a finite abelian 2-group, and η
is an involutory involution.
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We know only partial results when G is a non-abelian group. In
[11] V. Bovdi and Rosa determined the order of V∗(FG) for dihedral,
quaternion and extraspecial 2-groups if F is a finite field of characteris-
tic 2. The structure of V∗(FG) when F is the field of two elements and
G is a group of order 16 or a group of maximal class was established
in [4] and [5], respectively. In [10] the authors described all group al-
gebras whose ∗-unitary subgroup is normal in V (FG). The structures
of V∗(FQ8) and V∗(FD8) were established in [14] and [15] where Q8 is
the quaternion, D8 is the dihedral group of order 8, respectively and F
is a finite field of characteristic two.
There are only limited number of results in non-modular case. In [21]
the order of V∗(F2kD2N ) was determined, where D2N is the dihedral
group of order 2N .
A. Bovdi and Szaka´cs also gave the order of the ⊛-unitary subgroups
when the characteristic of field F is odd and ⊛ arises from an abelian p-
group G in [6]. Additionally, in [12] the structure of unitary subgroups
have been investigated for different involutions, where G is the dihedral
group. In [2] the structure of V⊛(FG) was described for all non-abelian
groups G, where the order of G is 8 and ⊛ arises from G.
In this paper we establish the order of V⊛(FG), where ⊛ is an invo-
lution which arises from a finite cyclic 2-group G. Using these results
we prove the following theorem.
Theorem 1. Let F be a finite field of characteristic two. Then the
⊛-unitary subgroups of FC2n (n > 2), where ⊛ arises from C2n are not
isomorphic.
2. ⊛-unitary subgroups of FC2n
Let G be a finite 2-group. We will denote by G[2i] the subgroup of
G generated by the elements of order 2i. We use the notation G2
i
for
the subgroup 〈 g2
i
| g ∈ G 〉. Throughout this paper |S| denotes the
cardinality of the finite set S, |g| – the order of g ∈ G, Cn – cyclic
group of order n, and AutG denotes the automorphism group of the
group G. Also, in the sequel of the paper we consider F as finite field
of characteristic two, and where it is needed we specify the order of the
field in the lower index (i.e. F2n is a field of 2
n elements).
The following two lemmas will be useful.
Lemma 1. ([8, Theorem 2]) Let G be a finite abelian 2-group and F
a finite field of characteristic two. Then
|V∗(FG)| = |G
2[2]| · |F |
1
2
(|G|+|G[2]|)−1.
Lemma 2. ([16, Proposition 16, p.135]) AutCn ∼= (Zn)
×.
From Lemma 2 and [18, Theorem 2’, p.43] we get
Corollary 1. AutC2n ∼= C2n−2 × C2 (n > 2).
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In the remainder of the paper we assume n to be greater than 2.
Therefore the elements of order two in AutC2n from a subgroup
which is isomorphic to the Klein group. Let σ1 be the identity auto-
morphism and
σ2 : a 7→ a
−1; σ3 : a 7→ a
2n−1−1; σ4 : a 7→ a
2n−1+1.
The involution σ2 is the canonical involution of FG. According to
Lemma 1 we have that |V∗(FC2n)| = 2 · |F |
|C
2n |
2 .
We will denote by ⊛ the linear extension of the ⊛ involution of G
into FG and the set of ⊛-symmetric elements of G by G⊛ = {g ∈
G | g = g⊛}. Every ⊛-symmetric element of FG (i.e. x = x⊛) can be
written in the form ∑
g∈G⊛
αgg +
∑
g 6∈G⊛
βg(g + g
⊛).
To avoid confusion in the sequel of the paper, where it is needed, we
will specify the involution by writing σi, i ∈ {3, 4} instead of ⊛.
To give a formula for the order of the unitary subgroup with respect
to σ3 we need more consideration.
LetH be a normal subgroup ofG and I(H) the ideal of FG generated
by the set {(1 + h) | h ∈ H}. I(H) can be considered as an F -
modulus with basis elements u(1 + h), where u ∈ R(G/H) and h 6=
1. As a conclusion we have |I(H)| = F
|C
2n|
2 . It is well-known that
FG/I(H) ∼= F (G/H) and we denote by Ψ the corresponding natural
homomorphism. Let us denote by G = G/H and by Vσ3(FG) the
unitary subgroup of the factor algebra FG/I(H), where xσ3 is the
induced action of the involution σ3 on x ∈ FG/I(H). It is clear that
the set
Nσ3Ψ = {x ∈ V (FG) | Ψ(x) ∈ Vσ3(FG)}
forms a subgroup in V (FG). Furthermore, the set I(H)+ = {1+x | x ∈
I(H)} forms a normal subgroup in V (FG). We define SH to be the
group generated by the elements {xxσ3 | x ∈ Nσ3Ψ }. Based on the fact
that xxσ3 ∈ 1 + ker(Ψ) = I(H)+ we can see that SH is a subgroup of
I(H)+.
Lemma 3. Let F be a finite field of characteristic two. Then the order
of Vσ3(FC2n) equals |F |
2n−1.
Proof. Let H = Gσ3 = 〈 a
2n−1 〉 be. Let us denote by Ĥ the sum of all
the elements of H . It can be seen that xxσ3 ∈ I(H)+ for all x ∈ Nσ3Ψ .
Therefore
xxσ3 =
∑
g∈Gσ3
δgg +
∑
g 6∈Gσ3
αg(g + g
σ3)Ĥ + βa2
n−2
Ĥ (1)
for some αg, β, δg ∈ F .
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We will prove that SH is generated by the elements a
2n−1 , 1+βa2
n−2
Ĥ
and 1 + αi(a
i + a2
n−1−i)Ĥ, where i ∈ {1, · · · , 2n−2 − 1}.
Let xi = 1 + αi(a
i + a2
n−1+i) be. Then
xix
σ3
i = (1 + αia
i + αia
2n−1+i)(1 + αia
2n−1−i + αia
−i)
= 1 + αi(a
i + a2
n−1−i + a2
n−1+i + a−i) = 1 + αi(a
i + a2
n−1−i)Ĥ.
Since xix
σ3
i ∈ I(H)
+, xi belongs to N
σ3
Ψ so we have proved that 1 +
αi(a
i + a2
n−1−i)Ĥ ∈ SH for every αi ∈ F .
Evidently, y = 1 + γ(a2
n−3
+ a−2
n−3
) 6= 1 is a σ3-symmetric element
if n > 3 and y = 1+ γ(a+ a3) is also a σ3-symmetric element if n = 3.
Then we can calculate that
yyσ3 = y2 = 1 + γ2(a2
n−2
+ a−2
n−2
) = 1 + γ2a2
n−2
Ĥ.
It is well-known that the group of units of F , denoted by U(F ), is a
cyclic group of odd order. Therefore η(α) = α2 is an automorphism of
U(F ) and we can pick γ ∈ F such that γ2 = β. Therefore 1+βa2
n−2
Ĥ
also belongs to SH .
It is easy to see that a2
n−1
belongs to SH . Indeed, a · a
σ3 = a2
n−1
.
Now, we have to prove that γa2
n−1
does not belong to SH , for any
γ 6= 1. Every element of FG can be expressed as x1 + x2a, where
x1, x2 ∈ FC
2
2n . A simple calculation shows that
(x1 + x2a)(x1 + x2a)
σ3 = x1x
∗
1 + x2x
∗
2a
2n−1 + (x∗1x2 + x1x
∗
2a
2n−1)a,
where ∗ is the canonical involution of FG. According to [1, Lemma 3]
a2
n−1
does not belong to the support of zz∗ for every z ∈ FG and the
trace of zz∗ is equal to the augmentation of z. Thus, x1x
∗
1+x2x
∗
2a
2n−1 =
γa2
n−1
if and only if γ = 1.
It is easy to check that(
1 + αi(a
i + a2
n−1−i)Ĥ
)(
1 + βj(a
j + a2
n−1−j)Ĥ
)
=
1 +
(
αi(a
i + a2
n−1−i) + βj(a
2n−1+j + a−j)
)
Ĥ
and (
1 + αi(a
i + a2
n−1−i)Ĥ
)(
1 + βa2
n−2
Ĥ
)
=
1 +
(
αi(a
i + a2
n−1−i) + βa2
n−2)
Ĥ.
Thus, SH being elementary abelian group confirms that |SH | = 2 ·
|F |2
n−2
.
According to the fact that |I(H)+| = |I(H)| and the homomorphism
theorem we have that
|Vσ3(FC2n)| =
|I(H)| · |V∗(FG)|
|SH |
= |F |
|C
2n |
2 ·
|V∗(FG)|
|SH |
.
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Using Lemma 1 we get
|Vσ3(FC2n)| =
|F |2
n−1
· 2 · |F |2
n−2
2 · |F |2n−2
= |F |2
n−1
,
which proves the lemma.

Let us consider the case when ⊛ = σ4. Note that indices of all the
coefficients in the statement and the proof of the following Lemma are
considered as elements of F2n .
Lemma 4. Let F be a finite field of characteristic two and x =
2n−1∑
i=0
αia
i,
x ∈ V (FC2n). Then
xxσ4 =
2n−2−1∑
i=0
(α2i + α2i+2n−1)
2a4i
+
2n−2−1∑
i=0
(α2(i+2n−3)+1 + α2(i+2n−3)+1+2n−1)
2a4i+2
+
2n−2−1∑
j=0
2n−2−1∑
i=0
(α2i + α2i+2n−1)(α2j+1−2i+2n−1 + α2j+1−2i)·
· (a2j+1 + a2j+1+2
n−1
).
Proof. It is clear that xσ4 =
∑2n−1−1
i=0 α2ia
2i +
∑2n−1−1
i=0 α2i+1+2n−1a
2i+1.
Thus the coefficient of al in xxσ4 , where l ∈ {1, 3, . . . , 2n − 1} is
2n−1−1∑
i=0
α2iαl−2i+2n−1 +
2n−1−1∑
i=0
α2i+1αl−2i−1.
Because l − 2i− 1 is even we can rearrange the second term:
2n−1−1∑
i=0
α2i+1αl−2i−1 =
2n−1−1∑
k=0
αl−2kα2k,
where 2k = l − (2i+ 1). Therefore,
2n−1−1∑
i=0
α2iαl−2i+2n−1 +
2n−1−1∑
i=0
α2i+1αl−2i−1
=
2n−1−1∑
k=0
α2k(αl−2k+2n−1 + αl−2k).
Consider the coefficient α2k+2n−1 = α2(k+2n−2) for some k. We have
that
αl−2(k+2n−2)+2n−1 + αl−2(k+2n−2) = αl−2k + αl−2k+2n−1 .
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As a consequence we have proved that the coefficients of al and al+2
n−1
are equal. Therefore
2n−1−1∑
k=0
α2k(αl−2k+2n−1 + αl−2k)
=
2n−2−1∑
k=0
(α2k + α2k+2n−1)(αl−2k+2n−1 + αl−2k).
Let us consider the case when l is even. Then the coefficient of al in
xxσ4 is
2n−1−1∑
i=0
α2iαl−2i +
2n−1−1∑
i=0
α2i+1αl−2i−1+2n−1 . (2)
Assume that l ≡ 4t (mod 2n) for some t ∈ {0, . . . , 2n−2}. Consider
the first summand of (2). Let 2i ≡ l − 2i (mod 2n). Then, as l ≡
4t (mod 2n), we have that 4i ≡ 4t (mod 2n) or 2i ≡ 2t (mod 2n−1).
Therefore if 2i ≡ 2t (mod 2n−1) then α2iαl−2i is equal either to α
2
2t
or to α22t+2n−1 . Now, suppose that 2i 6≡ l − 2i (mod 2
n). Consider
s ∈ {0, . . . , 2n−1 − 1} such that 2s ≡ l − 2i (mod 2n). Then l − 2s ≡
l− (l− 2i) ≡ 2i (mod 2n), i.e. each of the summands appear twice, so
2n−1−1∑
i=0
α2iαl−2i = α
2
2t + α
2
2t+2n−1 = (α2t + α2t+2n−1)
2.
Consider the second summand of (2).
Suppose that there exists i ∈ {0, . . . , 2n − 1} such that 2i + 1 ≡
l− (2i+1)+2n−1 (mod 2n). Taking into account that l ≡ 4t (mod 2n)
we get 2(2i+1) ≡ 4t+2n−1 (mod 2n). So 2i+1 ≡ 2t+2n−2 (mod 2n−1)
which is a contradiction. This means that 2i+ 1 6≡ l − (2i+ 1) + 2n−1
(mod 2n) for each i ∈ {0, . . . , 2n − 1}.
Consider s ∈ {0, . . . , 2n−1− 1} such that 2s+1 ≡ l− (2i+1)+ 2n−1
(mod 2n). Then
l − (2s+ 1) + 2n−1 ≡ l − (l − (2i+ 1) + 2n−1) + 2n−1 ≡ 2i+ 1.
This means that each summand of the form α2i+1αl−2i−1+2n−1 appears
twice, thus we can conclude that
2n−1−1∑
i=0
α2i+1αj−2i−1+2n−1 = 0.
Now assume that l ≡ 4t + 2 (mod 2n). Then by similar considera-
tions
∑2n−1−1
i=0 α2i+1αl−2i−1+2n−1 = α
2
2(t+2n−3)+1 + α
2
2(t+2n−3)+1+2n−1 and∑2n−1−1
i=0 α2iαl−2i = 0.
Finally, summing up the coefficients for all al, l ∈ {0, . . . , 2n− 1} we
have proved the statement of the lemma. 
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Corollary 2. Let F be a finite field of characteristic two and x =
2n−1∑
i=0
αia
i ∈ V (FC2n). Then
xxσ4 =
2n−1−1∑
i=0
β2ia
2i +
2n−1−1∑
i=0
β2i+1a
2i+1,
and β2i+1 = fi(β0, β2, . . . , β2n−2) for some functions fi, where 0 ≤ i < 2
n−1.
Furthermore,
∑2n−1−1
i=0 β2i+1 = 0.
Proof. Taking into account Lemma 4 and that η(δ) = δ2 is an auto-
morphism on F we can conclude that the coefficient βk depends only
on the coefficients β0, β2, . . . , β2n−2 for every odd k.
According to Lemma 4, the coefficients of a2j+1 and a2j+1+2
n−1
coin-
cide for each 0 ≤ j < 2n−1, therefore
∑2n−1−1
i=0 β2i+1 = 0. 
Lemma 5. Let F be a finite field of characteristic two. Then Vσ4(FC2n)
is an elementary abelian group of order |F |2
n−1
.
Proof. The mapping ϕ(x) = xxσ4 is a homomorphism on V (FG). De-
note by Sσ4 the image of this homomorphism. The kernel of ϕ(x)
coincides with the unitary subgroup Vσ4(FG). Therefore
V (FG)/Vσ4(FG)
∼= Sσ4 .
According to Corollary 2, the number of the free coefficients in xxσ4
is 2n−1 − 1. Indeed, βk’s are not independent variables for odd k and
xxσ4 being unit implies
∑2n−1
i=0 βi = 1. We see that |Sσ4 | = |F |
2n−1−1.
Therefore
|Vσ4(FG)| =
|V (FG)|
|Sσ4 |
=
|F |2
n−1
|F |2n−1−1
= |F |2
n−1
.
Now, we will prove that Vσ4(FC2n) is elementary abelian. According
to Lemma 4 if xxσ4 = 1, then x is a σ4-symmetric element. Therefore
x2 = 1 which proves the lemma.

Proof of the main theorem. Since the order of the ∗-unitary subgroup
is the largest it cannot be isomorphic to any ⊛-unitary subgroup.
Since (a2i)σ3 = a−2i and (a2i+1)σ3 = a2
n−1−2i−1 we conclude that
Vσ3(FC2n) ∩ C2n = 〈 a
2 〉. Therefore the exponent of Vσ3(FC2n) is not
less than 2n−1. Keeping in mind that Vσ4(FC2n) is elementary abelian
by Lemma 4 we conclude that the unitary subgroups related to the
involutions σ3 and σ4 are not isomorphic groups.

However, in the general case when G is abelian Theorem 1 does
not necessarily hold. Using GAP System [17] we can verify that some
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unitary subgroups of F (C8 × C2) , where F is a field of two elements,
are isomorphic. In this case there are six automorphisms of order ≤ 2:
σ1 =
{
a 7→ a
b 7→ b
; σ2 =
{
a 7→ a3b
b 7→ b
; σ3 =
{
a 7→ ab
b 7→ b
;
σ4 =
{
a 7→ a
b 7→ a2b
; σ5 =
{
a 7→ a3
b 7→ a2b
; σ6 =
{
a 7→ a3
b 7→ b
.
Unitary subgroups, induced by σ2 and σ4 are isomorphic to Klein four-
group C2 × C2.
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